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Abstract
Restriction of the N-dimensional Garnier system to a complex line yields a
system of second-order nonlinear differential equations, which may be regarded
as a higher order version of the sixth Painlevé equation. Near a regular
singularity of the system, we present a 2N -parameter family of solutions
expanded into convergent series. These solutions are constructed by iteration,
and their convergence is proved by using a kind of majorant series. For
simplicity, we describe the proof in the case N = 2.
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Mathematics Subject Classification: 34M55, 34M35

1. Introduction

Let us consider a Fuchsian differential equation of the form

1

y

d2y

dx2
=

N+2∑
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ci

(x − ti)2
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x(x − 1)(x − ti)

+
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(
3

4(x − λj )2
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Bj

x(x − 1)(x − λj )

)

with the regular singularities x = t1, . . . , tN , tN+1 := 0, tN+2 := 1, tN+3 := ∞ and the non-
logarithmic singularities x = λ1, . . . , λN . The isomonodromic deformation with respect to
the parameters t1, . . . , tN yields the N-dimensional Garnier system
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+
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2
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2
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(
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∂ti
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−
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∂ti

∂λl

∂ti
+

2�(ti)
2T (λj )

T ′(ti)2(λj − ti)2�′(λj )
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(ck + 1/4)T ′(tk)
�(tk)(λj − tk)

+
ciT

′(ti)
�(ti)(λj − ti)


 ,

i, j = 1, . . . , N, with T (x) = ∏N+2
i=1 (x − ti),�(x) = ∏N

j=1(x − λj ); which has fixed
singularities along the hyperplanes ti = tj (1 � i � N , 1 � j � N + 3; i �= j )
([4, 5, 8, 13, 14]). The unknown vector function (Q1, . . . , QN),Qj = tj�(tj )T

′(tj )−1,
whose entries are essentially elementary symmetric functions of λ1, . . . , λN, satisfies another
system of equations corresponding to polynomial Hamiltonian structure ([13]). When N = 1,
as was derived by Fuchs ([2, 3]), this system coincides with the sixth Painlevé equation

PVI: λ′′ = 1

2

(
1

λ
+

1

λ − 1
+

1

λ − t

)
(λ′)2 −

(
1

t
+

1
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− c1t (t − 1)
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)
,

b∞ = ∑4
k=1 ck + 1 (λ := λ1, t := t1,

′ = d/dt). Restriction of the Garnier system with N � 2
to the complex line (t2, . . . , tN ) = (s0,2, . . . , s0,N ) (s0,i ∈ C \ {0, 1}, s0,i �= s0,ι (i �= ι)) yields
an N-dimensional system of second-order nonlinear equations, which may be regarded as a
higher order version of PVI. Putting

t := t1, λ∧j := (λ1, . . . , λj−1, λj+1, . . . , λN),

we write this system in the form

λ′′
j = �N(t, λj ,λ∧j , λ

′
j ,λ

′
∧j ), j = 1, . . . , N (1.1)

(′ = d/dt). Here �N(t, λ,µ, λ̃, µ̃) is a rational function of (t, λ, µ2, . . . , µN, λ̃, µ̃2, . . . , µ̃N )

obtained from the right-hand member of the second equation in the Garnier system (with i = 1)
after the substitution

(t1, t2, . . . , tN ) �→ (t, s0,2, . . . , s0,N ),

(λj ,λ∧j ) �→ (λ,µ), (∂λj/∂t1, ∂λ∧j /∂t1) �→ (λ̃, µ̃).

Note that �N(t, λ,µ, λ̃, µ̃) is independent of j . For example, �2(t, λ, µ, λ̃, µ̃) is written in
the form
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×
(

a∞ − a0s0t

µλ2
+

a1(s0 − 1)(t − 1)

(µ − 1)(λ − 1)2

+
a2t (t − 1)(t − s0)

(µ − t)(λ − t)2
+

a3s0(s0 − 1)(s0 − t)

(µ − s0)(λ − s0)2

)
, (1.2)

a∞ :=
5∑

i=1

ci +
7

4
, a0 := c3 +

1

4
, a1 := c4 +

1

4
,

a2 := c1, a3 := c2 +
1

4
,

where s0 := s0,2. By the symmetry of the Garnier system, as far as local properties
of (1.1) near fixed singularities are concerned with, it is sufficient to examine near t = 0
([8, 11]). Near t = 0, PVI admits a general solution expressed by a convergent series; it
satisfies λ(t) = e−κ tω(1 + O(|t | + |e−κ tω| + |eκ t1−ω|)) as t → 0 through a certain domain
in the universal covering of C\{0}, where ω ∈ C\({ω ∈ R | ω � 0} ∪ {ω ∈ R | ω � 1})
and κ ∈ C are integration constants ([15–17], see also [10, 18]). Furthermore, connection
problems are studied through isomonodromic deformation ([1, 6, 7, 9]). For a Hamiltonian
system associated with the N-dimensional Garnier system, Kimura et al ([12]) gave a reduction
theorem around its regular singularity, which may yield a convergent series expression of
solutions of (1.1) near t = 0, under certain conditions on c1, cN+1 and integration constants.

In this paper, applying the method developed in [17] directly to system (1.1), we present
a family of solutions near t = 0 expanded into a different kind of convergent series whose
coefficients are rational functions of integration constants; and they are valid for generic values
of integration constants without any condition on ci . For a technical reason, we treat (1.1) for
examining the behaviour of solutions near the regular singularity, from which a result on the
system of (Q1, . . . ,QN) immediately follows. Our main result is stated as follows:

Theorem 1.1. Suppose that s0,i �= 0, 1 for 2 � i � N, and that s0,i �= s0,ι for ι �= i. Let
� ⊂ C, K ⊂ C

N−1 and M ⊂ C
N−1 be arbitrary bounded domains satisfying

cl(�) ⊂ �0 := C \ ({ω ∈ R | ω � 0} ∪ {ω ∈ R | ω � 1})
and

cl(M) ⊂ M0 := C
N−1\

(
N⋃

i=2

N⋃
ι=2

S
(0)
iι

)
\
(

N⋃
i=2

N+2⋃
ι=i+1

S
(1)
iι

)
,

where cl(·) denotes the closure of each domain, and S
(·)
iι are hyperplanes in the (ζ2, . . . , ζN)-

space defined by

S
(0)
iι : ζi = s0,ι (2 � ι � N),

S
(1)
iι : ζi = ζι (i + 1 � ι � N),

S
(1)
i,N+1 : ζi = 0, S

(1)
i,N+2 : ζi = 1.

Denote by R0 the universal covering of C \ {0}. Then, for a sufficiently small positive number
r0 = r0(�, K, M), system (1.1) admits a 2N -parameter family of solutions

λj = λj (ω, κ0,κ1,µ0; t) (j = 1, . . . , N),

κ1 := (κ1,2, . . . , κ1,N ), µ0 := (µ0,2, . . . , µ0,N ),

(ω, κ0,κ1,µ0) ∈ � × C × K × M

whose series expansions
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λ1(ω, κ0,κ1,µ0; t) = e−κ0 tω


1 +

∑
p�1

α0
p(ω,κ1,µ0)t

p

+
∑
p�0
q�1

α1
pq(ω,κ1,µ0)t

p(e−κ0 tω)q +
∑
p�0
q�1

α2
pq(ω,κ1,µ0)t

p(eκ0 t1−ω)q


 ,

λl(ω, κ0,κ1,µ0; t) = µ0,l + e−κ0 tω


κ1,l +

∑
p�1

β0
p(ω,κ1,µ0)t

p

+
∑
p�0
q�1

β1
pq(ω,κ1,µ0)t

p(e−κ0 tω)q +
∑
p�0
q�1

β2
pq(ω,κ1,µ0)t

p(eκ0 t1−ω)q


 (2 � l � N)

converge absolutely and uniformly in the domain

�0(�, K, M, r0) := {
(ω, κ0,κ1,µ0, t) ∈ � × C × K × M × R0 |

|t | < r0, |e−κ0 tω| < r
1/2
0 , |eκ0 t1−ω| < r

1/2
0

}
,

where α0
p, α1

pq, α
2
pq, β

0
p, β1

pq, β
2
pq ∈ C(ω,µ0)[κ1], namely, they are polynomials in κ1 whose

coefficients are rational functions of ω and µ0.

Corollary 1.2. For each (ω, κ0,κ1,µ0) ∈ �0 ×C×C
N−1 × M0, there exists a small positive

number r ′
0 = r ′

0(ω,κ1,µ0) such that system (1.1) admits a solution (λ1, λ2, . . . , λN) satisfying

λ1 = e−κ0 tω
(
1 + O(|t | + |e−κ0 tω| + |eκ0 t1−ω|)),

λl = µ0,l + e−κ0 tω
(
κ1,l + O(|t | + |e−κ0 tω| + |eκ0 t1−ω|)) (2 � l � N)

as t → 0 through the domain

�′
0(ω, κ0, r

′
0) := {

t ∈ R0 | |t | < r ′
0, χ(t) log |t | < Re κ0 + log((r ′

0)
1/2),

(1 − χ(t)) log |t | < −Re κ0 + log((r ′
0)

1/2)
}
,

where χ(t) = Re ω − Im ω(log |t |)−1 arg t .

Remark 1.3. It is easy to see that, for a sufficiently small r∗
0 (<r ′

0),

�∗(ω, r∗
0 ) := {t ∈ R0 | |t | < r∗

0 , 0 < χ(t) < 1} ⊂ �′
0(ω, κ0, r

′
0),

and that |tω| = |t |χ(t), |t1−ω| = |t |1−χ(t) in �∗(ω, r∗
0 ). If 0 < Re ω < 1, then, for every large

positive number R0, there exists a small positive number r̃0(R0) such that {t ∈ R0 | |t | <

r̃0(R0), |arg t | < R0} ⊂ �∗(ω, r∗
0 ) ⊂ �′

0(ω, κ0, r
′
0). If Re ω < 0 (respectively, Re ω > 1),

and if Im ω �= 0, then �∗(ω, r∗
0 ) is a spiral domain.

Remark 1.4. By the symmetry of (1.1) with respect to λj (1 � j � N), for each l, 2 � l � N

as well, there exists a solution
(
λ

(l)
1 , . . . , λ

(l)
N

)
such that

λ
(l)
l = e−κ0 tω

(
1 + O(|t | + |e−κ0 tω| + |eκ0 t1−ω|)),

λ
(l)
j = µ0,j + e−κ0 tω

(
κ1,j + O(|t | + |e−κ0 tω| + |eκ0 t1−ω|)) (j �= l)

as t → 0 through �′
0(ω, κ0, r

′
0).
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Our main result is proved in section 3 by the use of preparatory lemmas given in section 2.
For the simplicity of description, we show it in the case where N = 2; and the general case is
treated by the same argument. The formal series of solutions are constructed by iteration, and
their convergence is proved by using a kind of majorant series.

2. Preliminaries

In what follows we consider the case where N = 2. Let �,K (:= K), M(:= M) be the domains
in C satisfying the suppositions of theorem 1.1, and suppose that (ω, κ1, µ0) ∈ � × K × M.

We use the notation below.
(1) R denotes the set of formal series expressed as

φ =
∑
p�1

γ 0
p (ω, κ1, µ0)t

p +
∑
p�0
q�1

γ 1
pq(ω, κ1, µ0)t

p(e−κ0 tω)q +
∑
p�0
q�1

γ 2
pq(ω, κ1, µ0)t

p(eκ0 t1−ω)q,

(2.1)

where γ 0
p , γ 1

pq, γ
2
pq ∈ C(ω,µ0)[κ1].

(2) For φ ∈ R expressed as (2.1), we define ‖φ‖ = ‖φ(t)‖ = ‖φ‖(|t |) by

‖φ‖ =
∑
p�1

∣∣γ 0
p (ω, κ1, µ0)

∣∣|t |p +
∑
p�0
q�1

(∣∣γ 1
pq(ω, κ1, µ0)

∣∣ +
∣∣γ 2

pq(ω, κ1, µ0)
∣∣)|t |p+q/2,

which is a function of (ω, κ1, µ0, |t |) ∈ �×K ×M ×{τ |τ � 0}, not necessarily finite valued.
(3) We set

R(�,K,M, r) := {φ ∈ R | sup{‖φ‖(r) | (ω, κ1, µ0) ∈ � × K × M} < ∞}.
(4) For φ ∈ R expressed as (2.1), we define the operators I0 : R → R and Iω : R → R

by

I0[φ] :=
∑
p�1

γ 0
p (ω, κ1, µ0)

p
tp

+
∑
p�0
q�1

γ 1
pq(ω, κ1, µ0)

p + ωq
tp(e−κ0 tω)q +

∑
p�0
q�1

γ 2
pq(ω, κ1, µ0)

p + (1 − ω)q
tp(eκ0 t1−ω)q,

and

Iω[φ] :=
∑
p�1

γ 0
p (ω, κ1, µ0)

p + ω
tp

+
∑
p�0
q�1

γ 1
pq(ω, κ1, µ0)

p + ωq + ω
tp(e−κ0 tω)q +

∑
p�0
q�1

γ 2
pq(ω, κ1, µ0)

p + (1 − ω)q + ω
tp(eκ0 t1−ω)q .

Proposition 2.1. (a) R is a ring.
(b) Suppose that φ ∈ R(�,K,M, r). Then, φ is a holomorphic function in the

domain �0(�,K,M, r) (cf theorem 1.1), and satisfies ‖φ‖ = O(|t |1/2) uniformly for
(ω, κ1, µ0) ∈ � × K × M. Moreover, the series φ can be differentiated term by term with
respect to each variable.

Proof. The assertion (a) follows from the fact that, for every pair (p0, q0) ∈ (N ∪ {0})2,

the number of triples (l0, l1, l2) satisfying t l0(e−κ0 tω)l1(eκ0 t1−ω)l2 = tp0(e−κ0 tω)q0 or =
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tp0(eκ0 t1−ω)q0 is finite. Observe that, for any r ′ < r , the series φ ∈ R(�,K,M, r) converges
uniformly and absolutely in the domain �0(�,K,M, r ′); which implies the assertion (b).

�

The following inequalities are easily checked.

Proposition 2.2. Suppose that φ,ψ ∈ R(�,K,M, r).

(a) If ‖φ‖ ≡ 0 for |t | < r, (ω, κ1, µ0) ∈ � × K × M, then φ ≡ 0.

(b) If γ0 ∈ C(ω,µ0)[κ1], then ‖γ0φ‖ = |γ0|‖φ‖ for |t | < r, (ω, κ1, µ0) ∈ � × K × M.

(c) ‖φ + ψ‖ � ‖φ‖ + ‖ψ‖ for |t | < r, (ω, κ1, µ0) ∈ � × K × M.

(d) ‖φψ‖ � ‖φ‖‖ψ‖ for |t | < r, (ω, κ1, µ0) ∈ � × K × M.

Suppose that the power series

f (y1, . . . , yh) =
∑
|k|�1

cky
k1
1 · · · ykh

h , ck ∈ C(ω,µ0)[κ1],

k = (k1, . . . , kh), |k| = k1 + · · · + kh

converges for |yj | < ρj (1 � j � h). Then, by the same argument as in the proof of
[17, proposition 3.3], we have

Proposition 2.3. (a) If φj ∈ R (1 � j � h), then f (φ1, . . . , φh) ∈ R.

(b) If ‖φj‖ < ρj (1 � j � h) for |t | < r, (ω, κ1, µ0) ∈ � × K × M, then

‖f (φ1, . . . , φh)‖ �
∑
|k|�1

|ck|‖φ1‖k1 · · · ‖φh‖kh .

Clearly, if φ ∈ R, then I0[φ] ∈ R and Iω[φ] ∈ R. The following fact indicates that I0

and Iω correspond to certain kinds of formal integral operators.

Proposition 2.4. If I0[φ] ∈ R(�,K,M, r) (respectively, Iω[φ] ∈ R(�,K,M, r)), then
d

dt
I0[φ] = t−1φ

(
respectively,

d

dt
(tωIω[φ]) = tω−1φ

)
for (ω, κ0, κ1, µ0, t) ∈ � × C × K × M × R0, |t | < r, |e−κ0 tω| < r1/2, |eκ0 t1−ω| < r1/2.

Since cl(�) ⊂ �0, there exists a small positive number ε0(< 1/2) such that

� ⊂ {ω | ε0 < Re ω < 1 − ε0} ∪ {ω | |Im ω| > ε0|Re ω − 1/2|}. (2.2)

Proposition 2.5. If φ ∈ R(�,K,M, r), then

‖I0[φ]‖ � ε−1
0

∫ |t |

0
τ−1‖φ‖(τ ) dτ and ‖Iω[φ]‖ � ε−1

0 |t |−1/2
∫ |t |

0
τ−1/2‖φ‖(τ ) dτ

for (ω, κ1, µ0) ∈ � × K × M, |t | < r .

To prove this proposition, we note the following:

Lemma 2.6. For every (p, q) ∈ (N ∪ {0}) × N and for every ω ∈ �,

p + q/2

|p + ωq| � ε−1
0 ,

p + q/2

|p + (1 − ω)q| � ε−1
0 .

Proof. By (2.2), if ω ∈ �, then either ε0 < Re ω < 1 − ε0 or ε0|Re ω − 1/2| < |Im ω| holds.
If ε0 < Re ω < 1 − ε0, then, for every (p, q) ∈ (N ∪ {0}) × N,

max

{
p + q/2

|p + ωq| ,
p + q/2

|p + (1 − ω)q|
}

� p + q/2

p + ε0q
� 1

2ε0
.
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If ε0|Re ω − 1/2| < |Im ω|, then, for every a ∈ R\{0}, we have ε0|Re(a(ω − 1/2))| <

|Im(a(ω − 1/2))|, and, hence

p + q/2

|p + ωq| =
∣∣∣∣1 +

ω − 1/2

p/q + 1/2

∣∣∣∣
−1

�


 3ε0

2
√

1 + ε2
0




−1

< ε−1
0 ,

p + q/2

|p + (1 − ω)q| =
∣∣∣∣1 +

1/2 − ω

p/q + 1/2

∣∣∣∣
−1

�


 3ε0

2
√

1 + ε2
0




−1

< ε−1
0

for every (p, q) ∈ (N ∪ {0}) × N. This completes the proof of the lemma. �

Proof of proposition 2.5. By lemma 2.6,

|t |p
|p + ω| � ε−1

0 |t |−1/2
∫ |t |

0
τ−1/2τp dτ (p � 1),

|t |p+q/2

|p + ωq + ω| � ε−1
0 |t |−1/2

∫ |t |

0
τ−1/2τp+q/2 dτ (p � 0, q � 1),

|t |p+q/2

|p + (1 − ω)q + ω| � ε−1
0 |t |−1/2

∫ |t |

0
τ−1/2τp+q/2 dτ (p � 0, q � 1)

for ω ∈ �. Then, for φ ∈ R(�,K,M, r) expressed as (2.1), we have

‖Iω[φ]‖ � ε−1
0 |t |−1/2

∫ |t |

0
τ−1/2

( ∑
p�1

∣∣γ 0
p

∣∣τp +
∑
p�0
q�1

(∣∣γ 1
pq

∣∣ +
∣∣γ 2

pq

∣∣)τp+q/2
)

dτ

= ε−1
0 |t |−1/2

∫ |t |

0
τ−1/2‖φ‖(τ ) dτ

for (ω, κ1, µ0) ∈ � × K × M, |t | < r, which is the second inequality. The first inequality is
verified by the same argument ([17, proposition 3.5]). �

3. Proof of theorem 1.1

3.1. Transformation and a system of equations

Suppose that N = 2. Setting λ := λ1, µ := λ2, we write (1.1) in the form

λ′′ = �2(t, λ, µ, λ′, µ′), µ′′ = �2(t, µ, λ, µ′, λ′)

with �2(t, λ, µ, λ̃, µ̃) given by (1.2). The suppositions in theorem 1.1 are written as

(ω, κ0, κ1, µ0) ∈ � × C × K × M, cl(�) ⊂ �0,

cl(M) ⊂ M0 = C \ {0, 1, s0}, s0 ∈ C \ {0, 1}.
By λ = e−w,µ = µ0 + z, system (1.1) is changed into

t (tw′)′ = F20(e
−w, t ew, z)(tw′)2 + F11(t, e−w, z)(tw′)(tz′)

+ F02(t, e−w, t ew, z) ew(tz′)2 + F10(t, t ew, z)(tw′) + F00(t, e−w, t ew, z),

t (tz′)′ + (tw′)(tz′) = G02(t, e−w, z)(tz′)2 + G11(e
−w, t ew, z)(tw′)(tz′)

+ G20(t, e−w, t ew, z) e−2w(tw′)2 + G01(t, t ew, z)(tz′)
+ G00(t, e−w, t ew, z) e−w,
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where

F20(ξ, η, z) = −1

2

(
η

1 − η
+

ξ

ξ − 1
+

ξ

ξ − s0
− ξ

ξ − µ0 − z

)
,

F11(t, ξ, z) = − ξ − t

(µ0 + z − t)(µ0 + z − ξ)
,

F02(t, ξ, η, z) = − (ξ − 1)(ξ − s0)(µ0 + z − t)

2(µ0 + z)(µ0 − 1 + z)(µ0 − s0 + z)(µ0 + z − ξ)(1 − η)
,

F10(t, η, z) = −
(

t

t − 1
+

t

t − s0
− η

η − 1
− t

t − µ0 − z

)
,

F00(t, ξ, η, z) = −2(ξ − 1)(1 − η)(ξ − s0)(µ0 + z − t)2

(t − 1)2(t − s0)2(ξ − µ0 − z)

(
a∞ξ − a0s0η

µ0 + z

+
a1(s0 − 1)(t − 1)ξ

(µ0 + z − 1)(ξ − 1)2
+

a2(t − 1)(t − s0)η

(µ0 + z − t)(1 − η)2
+

a3s0(s0 − 1)(s0 − t)ξ

(µ0 − s0 + z)(ξ − s0)2

)
,

G02(t, ξ, z) = 1

2

(
1

µ0 + z
+

1

µ0 − 1 + z
+

1

µ0 − t + z
+

1

µ0 − s0 + z
− 1

µ0 − ξ + z

)
,

G11(ξ, η, z) = ξ

ξ − µ0 − z
− η

1 − η
,

G20(t, ξ, η, z) = (µ0 + z)(µ0 − 1 + z)(µ0 − s0 + z)(1 − η)

2(ξ − 1)(ξ − s0)(µ0 − t + z)(ξ − µ0 − z)
,

G01(t, η, z) = −
(

t

t − 1
+

t

t − s0
− η

η − 1
− t

t − µ0 − z

)
,

G00(t, ξ, η, z) = 2(µ0 + z)(µ0 − 1 + z)(µ0 − t + z)(µ0 − s0 + z)(1 − η)2

(t − 1)2(t − s0)2(µ0 − ξ + z)

×
(

a∞ξ − a0s0t

(µ0 + z)2
+

a1(s0 − 1)(t − 1)ξ

(µ0 − 1 + z)2(ξ − 1)

+
a2t (t − 1)(t − s0)

(µ0 − t + z)2(1 − η)
+

a3s0(s0 − 1)(s0 − t)ξ

(µ0 − s0 + z)2(ξ − s0)

)
.

Let us make the further change of variables w = −ω log t + κ0 + u, z = e−κ0 tω(κ1 + v). Then,
we note the following relations:

e−w = e−κ0 tω e−u, t ew = eκ0 t1−ω eu, tw′ = tu′ − ω, t (tw′)′ = t (tu′)′,
tz′ = e−κ0 tω(ω(κ1 + v) + tv′), t (tz′)′ = e−κ0 tω(ω2(κ1 + v) + 2ωtv′ + t (tv′)′).

Using them, and observing that ew(tz′)2 = e−κ0 tω eu(ω(κ1 + v) + tv′)2, we obtain the system
of equations

t (tu′)′ = �1(t, e−κ0 tω, eκ0 t1−ω) + H1(t, e−κ0 tω, eκ0 t1−ω, u, v, tu′, tv′),
t (tv′)′ + ωtv′ = −(ωv + tv′)tu′ − ωκ1tu

′ + �2(t, e−κ0 tω, eκ0 t1−ω) (3.1)

+ H2(t, e−κ0 tω, eκ0 t1−ω, u, v, tu′, tv′).

Here

�1(t, ξ, η) = ω2F20(ξ, η, κ1ξ) − ω2κ1ξF11(t, ξ, κ1ξ) + ω2κ2
1 ξF02(t, ξ, η, κ1ξ)

−ωF10(t, η, κ1ξ) + F00(t, ξ, η, κ1ξ),

�2(t, ξ, η) = ω2κ2
1 ξG02(t, ξ, κ1ξ) − ω2κ1G11(ξ, η, κ1ξ) + ω2ξG20(t, ξ, η, κ1ξ)

+ ωκ1G01(t, η, κ1ξ) + G00(t, ξ, η, κ1ξ),
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which satisfy �h(0, 0, 0) = 0 (h = 1, 2); and Hh(t, ξ, η, u, v, ũ, ṽ) (h = 1, 2) are rational
functions of t, ξ, η, e±u, v, ũ, ṽ with the properties

Hh(0, 0, 0, u, v, ũ, ṽ) ≡ 0, Hh(t, ξ, η, 0, 0, 0, 0) ≡ 0.

By the condition µ0 ∈ C\{0, 1, s0}, s0 �= 0, 1, these functions are expanded into power series
around the origin, whose coefficients belong to C(µ0)[ω, κ1]. The transformation and its
resultant system are summarized as follows:

Proposition 3.1. For any (ω, κ0, κ1, µ0) ∈ � × C × K × M, by the transformation

λ = e−κ0 tω e−u, µ = µ0 + e−κ0 tω(κ1 + v), (3.2)

system (1.1) is changed into (3.1), whose right-hand members have the following properties:

(a) �h(t, ξ, η) (h = 1, 2) are holomorphic for |t | < r1, |ξ | < r
1/2
1 , |η| < r

1/2
1 , and are

expanded into the convergent power series

�h(t, ξ, η) =
∑

p0+p1+p2�1

b(h)
p0,p1,p2

(ω, κ1, µ0)t
p0ξp1ηp2

with b(h)
p0,p1,p2

(ω, κ1, µ0) ∈ C(µ0)[ω, κ1], where r1 = r1(�,K,M) is a sufficiently small
positive number;

(b) Hh(t, ξ, η, u, v, ũ, ṽ) (h = 1, 2) are holomorphic for |t | < r1, |ξ | < r
1/2
1 , |η| <

r
1/2
1 , |u| < ρ0, |v| < ρ0, |ũ| < ∞, |ṽ| < ∞, and are expanded into the convergent power

series

Hh(t, ξ, η, u, v, ũ, ṽ) =
∑

l1+l2+l3+l4�1
0�l3+l4�2


 ∑

p0+p1+p2�1

c(h,l1,l2,l3,l4)
p0,p1,p2

(ω, κ1, µ0)t
p0ξp1ηp2


 ul1vl2 ũl3 ṽl4

with c(h,l1,l2,l3,l4)
p0,p1,p2

(ω, κ1, µ0) ∈ C(µ0)[ω, κ1], where ρ0 = ρ0(�,K,M) is a sufficiently small
positive number.

In what follows r1 and ρ0 denote the positive constants given above. By propositions
2.1(b), 2.3 and 3.1, we immediately have the following:

Proposition 3.2. Let r ′ be an arbitrary fixed positive number such that r ′ < r1/2. Suppose that
φm,ψm, φ̃m, ψ̃m ∈ R(�,K,M, r ′) (m = 1, 2) satisfy ‖φm‖ < ρ0/2, ‖ψm‖ < ρ0/2, ‖φ̃m‖ <

ρ0/2, ‖ψ̃m‖ < ρ0/2 for |t | < r ′, (ω, κ1, µ0) ∈ � × K × M. Then,

Hh(t, e−κ0 tω, eκ0 t1−ω, φm,ψm, φ̃m, ψ̃m) ∈ R(�,K,M, r ′) (h = 1, 2),

and

‖Hh(t, e−κ0 tω, eκ0 t1−ω, φ2, ψ2, φ̃2, ψ̃2) − Hh(t, e−κ0 tω, eκ0 t1−ω, φ1, ψ1, φ̃1, ψ̃1)‖
� L0|t |1/2(‖φ2 − φ1‖ + ‖ψ2 − ψ1‖ + ‖φ̃2 − φ̃1‖ + ‖ψ̃2 − ψ̃1‖),

uniformly for |t | < r ′, (ω, κ0, κ1, µ0) ∈ � × C × K × M, where L0 is some positive constant
independent of r ′.

Set g(v, ũ, ṽ) := (ωv + ṽ)ũ + ωκ1ũ. Since |t |−1/2‖φ̃m‖(|t |) is monotonically increasing
with respect to |t |, it follows that, under the conditions of proposition 3.2, ‖φ̃m‖(|t |) �
(ρ0/2)(r ′)−1/2|t |1/2 uniformly for |t | < r ′, (ω, κ1, µ0) ∈ �×K ×M. Using this fact, we have

Proposition 3.3. Under the same suppositions as above, there exists a positive constant L1

independent of r ′ such that

‖g(ψ2, φ̃2, ψ̃2) − g(ψ1, φ̃1, ψ̃1)‖
� L1(‖φ̃2 − φ̃1‖ + (r ′)−1/2|t |1/2(‖ψ2 − ψ1‖ + ‖ψ̃2 − ψ̃1‖))

uniformly for |t | < r ′, (ω, κ1, µ0) ∈ � × K × M.
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Proposition 3.4. For an arbitrary fixed positive number satisfying r ′ < r1/2, we have

‖�h(t, e−κ0 tω, eκ0 t1−ω)‖ � L2|t |1/2

uniformly for |t | < r ′, (ω, κ0, κ1, µ0) ∈ � × C × K × M, where L2 is some positive constant
independent of r ′.

3.2. Construction of an iterative sequence

Note that (3.1) is written in the form

ũ′ = t−1�1(t, e−κ0 tω, eκ0 t1−ω) + t−1H1(t, e−κ0 tω, eκ0 t1−ω, u, v, ũ, ṽ),

u′ = t−1ũ,

(tωṽ)′ = −tω−1g(v, ũ, ṽ) + tω−1�2(t, e−κ0 tω, eκ0 t1−ω)

+ tω−1H2(t, e−κ0 tω, eκ0 t1−ω, u, v, ũ, ṽ),

v′ = t−1ṽ.

(3.3)

In view of this together with proposition 2.4, we consider the corresponding system of formal
integral equations for u, v, ũ, ṽ ∈ R:

ũ = I0[�1(t, e−κ0 tω, eκ0 t1−ω)] + I0[H1(t, e−κ0 tω, eκ0 t1−ω, u, v, ũ, ṽ)],

u = I0[ũ],

ṽ = −Iω[g(v, ũ, ṽ)] + Iω[�2(t, e−κ0 tω, eκ0 t1−ω)]
+ Iω[H2(t, e−κ0 tω, eκ0 t1−ω, u, v, ũ, ṽ)],

v = I0[ṽ].

(3.4)

To construct a solution of (3.4), we define the sequence uν(t), vν(t), ũν(t), ṽν(t) ∈ R by

u0(t) = v0(t) = ũ0(t) = ṽ0(t) ≡ 0,

ũν(t) = I0[�1(t, e−κ0 tω, eκ0 t1−ω)]
+ I0[H1(t, e−κ0 tω, eκ0 t1−ω, uν−1(t), vν−1(t), ũν−1(t), ṽν−1(t))],

uν(t) = I0[ũν(t)],

ṽν(t) = −Iω[g(vν−1(t), ũν(t), ṽν−1(t))] + Iω[�2(t, e−κ0 tω, eκ0 t1−ω)]
+ Iω[H2(t, e−κ0 tω, eκ0 t1−ω, uν(t), vν−1(t), ũν(t), ṽν−1(t))],

vν(t) = I0[ṽν(t)]

(3.5)

for ν � 1, and put

Uν(t) = uν(t) − uν−1(t), Vν(t) = vν(t) − vν−1(t),

Ũ ν(t) = ũν(t) − ũν−1(t), Ṽν(t) = ṽν(t) − ṽν−1(t).
(3.6)

Then we have

Proposition 3.5. There exists a positive number r0 = r0(�,K,M) such that the estimates

max{‖uν(t)‖, ‖vν(t)‖, ‖ũν(t)‖, ‖ṽν(t)‖} < ρ0/3 (ν � 0), (3.7)

max{‖Uν(t)‖, ‖Vν(t)‖, ‖Ũ ν(t)‖, ‖Ṽν(t)‖} � Cν |t |ν/2 (ν � 1), (3.8)∑
ν�1

Cν |t |ν/2 < ρ0/4 (3.9)
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are valid for |t | < r0, (ω, κ1, µ0) ∈ � × K × M, where

Cν = (
96ε−4

0 L∗
)ν

r
−(ν−1)/2
0 (ν!)−1, L∗ = (L0 + L1 + 1)(L0 + L2 + 1).

Proof. Take a number r0 < r1/2 so small that∑
ν�1

Cνr
ν/2
0 � C1r

1/2
0

∑
ν�1

(
96ε−4

0 L∗
)ν−1

(ν!)−1 � C1r
1/2
0 exp

(
96ε−4

0 L∗
)

< ρ0/4.

Then (3.9) is valid for |t | < r0. We would like to verify (3.7) and (3.8) by induction on ν. By
propositions 2.5 and 3.4, we have, for |t | < r0, (ω, κ1, µ0) ∈ � × K × M,

‖Ũ 1(t)‖ = ‖ũ1(t)‖ = ‖I0[�1(t, e−κ0 tω, eκ0 t1−ω)]‖ � ε−1
0

∫ |t |

0
τ−1‖�1‖(τ ) dτ

� ε−1
0 L2

∫ |t |

0
τ−1/2 dτ � 2ε−1

0 L2|t |1/2 � C1|t |1/2 < ρ0/3,

so that ũ1(t) ∈ R(�,K,M, r0); and

‖U1(t)‖ = ‖u1(t)‖ = ‖I0[ũ1(t)]‖ � ε−1
0

∫ |t |

0
τ−1‖ũ1‖(τ ) dτ

� 4ε−2
0 L2|t |1/2 � C1|t |1/2 < ρ0/3, u1(t) ∈ R(�,K,M, r0).

Using propositions 3.2–3.4 and the estimates for ‖u1(t)‖, ‖ũ1(t)‖ above, we have

‖Ṽ1(t)‖ = ‖ṽ1(t)‖ � ‖Iω[g(0, ũ1(t), 0)]‖ + ‖Iω[�2(t, e−κ0 tω, eκ0 t1−ω)]‖
+ ‖Iω[H2(t, e−κ0 tω, eκ0 t1−ω, u1(t), 0, ũ1(t), 0)]‖

� ε−1
0 |t |−1/2

∫ |t |

0

(
L1τ

−1/2‖ũ1‖(τ ) + L2 + L0(‖u1‖(τ ) + ‖ũ1‖(τ ))
)

dτ

� 2ε−2
0 L1L2|t |1/2 + ε−1

0 L2|t |1/2 + 6ε−3
0 L0L2|t |

� 6ε−3
0 (L0 + L1 + 1)L2|t |1/2 � C1|t |1/2 < ρ0/3,

ṽ1(t) ∈ R(�,K,M, r0), and hence

‖V1(t)‖ = ‖v1(t)‖ = ‖I0[ṽ1(t)]‖ � 12ε−4
0 (L0 + L1 + 1)L2|t |1/2 � C1|t |1/2 < ρ0/3,

v1(t) ∈ R(�,K,M, r0). This implies that (3.7) and (3.8) are valid for ν = 1. Suppose
that (3.7) and (3.8) are valid for ν � n − 1. By propositions 2.5 and 3.2, we have, for n � 1
and for |t | < r0,

‖Ũn(t)‖ � ε−1
0

∫ |t |

0
L0τ

−1/2
(‖Ũn−1‖(τ ) + ‖Ṽn−1‖(τ ) + ‖Un−1‖(τ ) + ‖Vn−1‖(τ )

)
dτ

� 4ε−1
0 L0

∫ |t |

0
Cn−1τ

(n−2)/2 dτ = 8ε−1
0 L0n

−1Cn−1|t |n/2 � Cn|t |n/2.

Combining this with (3.8) and (3.9), we have

‖ũn(t)‖ �
n∑

ν=1

‖Ũ ν(t)‖ �
n∑

ν=1

Cν |t |ν/2 < ρ0/3

for |t | < r0. By the estimate for ‖Ũn(t)‖ above,

‖Un(t)‖ � ε−1
0

∫ |t |

0
τ−1‖Ũn‖(τ ) dτ

� ε−1
0

∫ |t |

0
8ε−1

0 L0n
−1Cn−1τ

n/2−1 dτ = 16ε−2
0 L0n

−2Cn−1|t |n/2 � Cn|t |n/2,
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which implies ‖un(t)‖ < ρ0/3 for |t | < r0. Furthermore, by proposition 3.3,

‖Ṽn(t)‖ � ε−1
0 L1|t |−1/2

∫ |t |

0

(
τ−1/2‖Ũn‖(τ ) + r

−1/2
0 (‖Ṽn−1‖(τ ) + ‖Vn−1‖(τ ))

)
dτ

+ ε−1
0 L0|t |−1/2

∫ |t |

0

(‖Ṽn−1‖(τ ) + ‖Vn−1‖(τ ) + ‖Ũn‖(τ ) + ‖Un‖(τ )
)

dτ

� ε−1
0 (L0 + L1)r

−1/2
0 |t |−1/2

×
∫ |t |

0

(
τ−1/2(‖Ũn‖(τ ) + ‖Un‖(τ )) + ‖Ṽn−1‖(τ ) + ‖Vn−1‖(τ )

)
dτ

� ε−1
0 (L0 + L1)r

−1/2
0 |t |−1/2

∫ |t |

0

(
24ε−2

0 L0n
−1Cn−1 + 2Cn−1

)
τ (n−1)/2 dτ

� 48ε−3
0 (L0 + L1)(L0 + 1)r

−1/2
0 n−1Cn−1|t |n/2 � Cn|t |n/2,

‖Vn(t)‖ � ε−1
0

∫ |t |

0
τ−1‖Ṽn‖(τ ) dτ

� ε−1
0

∫ |t |

0
48ε−3

0 (L0 + L1)(L0 + 1)r
−1/2
0 n−1Cn−1τ

n/2−1 dτ

� 96ε−4
0 (L0 + L1)(L0 + 1)r

−1/2
0 n−2Cn−1|t |n/2 � Cn|t |n/2,

and we have ‖ṽn(t)‖ < ρ0/3, ‖vn(t)‖ < ρ0/3 for |t | < r0. These inequalities imply that (3.7)
and (3.8) are valid for ν = n. Thus, we obtain the proposition. �

3.3. Completion of the proof of theorem 1.1

By proposition 3.5, in the series expansions of Uν(t), Vν(t), Ũ ν(t), Ṽν(t) ∈ R(�,K,M, r0),

the coefficients of tp (respectively, tp(e−κ0 tω)q, tp(eκ0 t1−ω)q) vanish for p such that p < ν/2
(respectively, for (p, q) such that p + q/2 < ν/2). Consequently, we obtain the series

u(t) =
∑
ν�1

Uν(t), v(t) =
∑
ν�1

Vν(t), ũ(t) =
∑
ν�1

Ũ ν(t), ṽ(t) =
∑
ν�1

Ṽν(t)

belonging to R. By (3.7), (3.8) and (3.9), the estimates

max{‖u(t)‖, ‖v(t)‖, ‖ũ(t)‖, ‖ṽ(t)‖} < ρ0/3,

max{‖u(t) − un−1(t)‖, ‖v(t) − vn−1(t)‖,
‖ũ(t) − ũn−1(t)‖, ‖ṽ(t) − ṽn−1(t)‖} = O(|t |n/2)

(3.10)

are valid uniformly for |t | < r0, (ω, κ1, µ0) ∈ � × K × M. Using (3.10) combined with
propositions 2.5, 3.2 and 3.3, we derive

‖I0[H1(t, e−κ0 tω, eκ0 t1−ω, u(t), v(t), ũ(t), ṽ(t))]

− I0[H1(t, e−κ0 tω, eκ0 t1−ω, un−1(t), vn−1(t), ũn−1(t), ṽn−1(t))]‖ = O(|t |n/2),

‖Iω[H2(t, e−κ0 tω, eκ0 t1−ω, u(t), v(t), ũ(t), ṽ(t))]

− Iω[H2(t, e−κ0 tω, eκ0 t1−ω, un(t), vn−1(t), ũn(t), ṽn−1(t))]‖ = O(|t |n/2),

‖Iω[g(v(t), ũ(t), ṽ(t))] − Iω[g(vn−1(t), ũn(t), ṽn−1(t))]‖ = O(|t |n/2).

Therefore, the quadruplet (u(t), v(t), ũ(t), ṽ(t)) ∈ R(�,K,M, r0)
4 satisfies system

(3.4) for (ω, κ0, κ1, µ0, t) ∈ �0(�,K,M, r0). By proposition 2.4, this is also a solution of
(3.3). Substitution of this into (3.2) yields the desired solution of (1.1). This completes the
proof of theorem 1.1.
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application to Painlevé equations Ann. Mat. Pura Appl. 134 363–92

[11] Kimura H 1990 Symmetries of the Garnier system and of the associated polynomial Hamiltonian system
Proc. Japan Acad. Ser. A 66 176–8

[12] Kimura H, Matumiya A and Takano K 1996 A normal form of Hamiltonian systems of several time variables
with a regular singularity J. Diff. Eqns. 127 337–64

[13] Kimura H and Okamoto K 1984 On the polynomial Hamiltonian structure of the Garnier systems J. Math. Pures
Appl. 63 129–46

[14] Okamoto K 1986 Isomonodromic deformation and Painlevé equations, and the Garnier system J. Fac. Sci. Univ.
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